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ducts of the lift -curve slope and blade semichord, a kb k· Nondimen­
sionalizing the above equation by dividing by a kb k Vk, relating the 
wake circulation values to the bound circulation values, and writing 
it in matrix form: 

Bound 
Circulation 

+ 
Blade 
Dynamics 

Wake 
Geometry 

Wake Circulation 
in Terms of 
Bound Circulation 

Induced Ve locity 

(30) 

The convergence of the iteration method r e presented by the 
above set of simultaneous algebraic equations was investigated by 
examining the effect of the magnitud of the ~ matrix coefficients 
on convergence characteristics. It was determined that, for a 
specific value of I, convergence difficulties should be expected 
whenever the magnitude of any of the matrix coefficients approach s 
approximate ly . 5 to l. These values correspond to critical ?! 
coefficients of. Sfakbk to l fakbk. Examination of the elements 
of the variable inflow program rt matrices for several flight con ­
ditions of interest indicated potential conver ge nce difficulties unde r 
the following cir cumstances: 

1. Whenever blade s gment le ngths w re less than approx­
imately 5 per cent of the rotor radius. 

2. At low s peeds where blades pass in c lose proximity to 
vortex elements generated by previous blades. 

3. At high speeds where reverse flow effects cause s hed 
vortexes to approach and pass the blade generating the 
vortexes. 

In view of these anticipated difficulties this iteration approach was 
abandoned. 

The revised iteration method involves more extensive use of 
the existing variable inflow program in that the procedure given by 
the program for calculating the rotor circulation dis tribution is em-
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ployed in addition to the procedure for ca.~.culation of the wake geomet­
ric coefficients. In effect, this replaces the portion of the original 
circulation iteration method by a closed -form solution, thereby eli­
minating the iteration difficulties previously mentioned. It is noted 
that the methcxl for computing circulation includes the assumption of 
constant lift -curve slope values for each Mach number. However, 
as mentioned previously, the Cornell variable inflow solution does 
not satisfy blade boundary conditions, and hence an iteration betw~en 
the variable inflow program and the blade analysis is necessary. It 
should also be noted that aircraft trim conditions (lift, drag, etc.) are 
satisfied by the blade analysis through adjustments in collective pitch, 
cyclic pitch, and r otor angle of attack. 

Due to the dependence of the variable induced velocity distri­
bution obtained from the va iable inflow program on the blade motion 
and control par ameter input, it was necessary to include a test of the 
convergence of this input after each pass through the blade aeroelastic 
ana lysis . However, 1t was generally found that inflow convergence 
was rapid, and ne iteration pass was sufficient. 

CORRELATION OF PREDICTED AND FLIGHT TEST LOADS 

The analysis was applied to the mai1~ rotors of the H-34 and 
HU - lA helicopters. Four fJ' ght conditions were evaluated for the 
H-34, while one flight condition was considered for the HU-lA. 
These case correspond to steady state level flight conditions for 
which flight test data are available. The case s considered are: 

Case 1. H -34; steady- state level flight at 41 knots with 
neutral C. G. 

Case 2. H -34; steady-state level flight at 73 knots with aft 
e.G. 

Case 3. H -34; steady- state level flight at 70 knots with 
neutral C. G. 

Case 4. H-34; steady- state level flight at 112 knots with 
neutral C. G. 

Case 5. HU-lA; steady-state level flight at 113 knots with 
neutral C. G. 

Test data for the cases were obtained frorr1 the following 
sources: Case 1 from Table V in Reference 9; Case 2 from Table 
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104 in Reference 10; Case 3 from Hun 2 in Reference 6; Case 4 
from Table 21 in Reference 10; and Case 5 from condition 31 in 
Reference 1. 

The following sections present the input data used in the 
analysis, the significant results obtained, and the correlation with 
test data. 

A. BASIC BLADE DATA 

The H-34 and HU-lA have significantly different rotor sys- 
tems.   The H-34 has a four-bladed fully arciculated rotor system 
with lag dampers.    This helicopter was evaluated at a gross weight 
of 11, 800 pounds.   The HU-lA has a two-bladed teetering rotor 
system.   Since the blade is not free to hunt,  lag dampers are not 
required.   This helicopter was evaluated at a gross weight of 6027 
pounds. 

The basic blade data for the two aircraft are presented in 
Tables 1 and 2 (page 35 and 36 ).   These tables give the radial 
station breakdown used in the aeroelastic analysis, and the blade 
properties at each station.   The calculated natural frequencies of 
these blades are shown in Table 3 (page 37  ). 

Presented in Table 4 (page 38 ) are the trim conditions used 
for each of the five cases. 

Trim values of first harmonic flatwise root shear for the 
H-34 cases were jbtained from calculations of required steady hub 
rolling and pitching moments.   A preliminary aerodynamic analysis 
based on constant infhnv was used to obtain th.» required rolling 
and pitching moments.   Zero first harmonic shear was used for 
the HU-lA. 

Analysis of the teetering rotor of the Bell HU-lA requires 
the choice of appropriate boundary conditions for each harmonic 
considered.   The boundary conditions chosen correspond to those 
given in Reference 2.   For response to steady loads, the rotor was 
considered cantilevered both flatwise and edgewise.   For the 1, 
3,  5, and 7 per rev. harmonics, the blade was pinned flatwise and 
cantilevered edgewise,   tor the 2, 4, and 6 per rev. harmonics 
the blade was cantilevered flatwise and pinned edgewise.   A canti- 
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TABLE 3 

CALCULATED BLADE NATURAL FREQUENCIES 

     Natural Freouencies. CPM  
Flatwise     Edgewise        Flatwise Edgewise 

Mode      Pinned Pinned        Canti levered     Canti levered 

HU-1A* 1 574.2 715.3 375.5 530.5 
2 1063.1 1886.6 1126.8 3198.8 
3 1718.5 3679.6 2237.9 

H-34"        J 872.3 1857.6 
2 1607.1 5616.0 
3 2819.7 

•   ß   =   311.5 RPM 
••ß   =  216     RPM 
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to predict these stresses.   Typical results are shown in the form of 
one-half peak-to-peak bending moment for the H-34 at 41 and 112 
knots (Figure 15).   At 112 knots fairly good correlation with H-34 data 
was obtained, but constant inflow gave somewhat better correlation 
than variable inflow, at least in predicting maximum values.   At 41 
knots, the use of variable inflow did improve correlation.   However, 
the H-34 data indicated higher values for the moments than did the 
analysis.   It is the high speed flight conditions which produce the high 
vibratory stresses for which blades are designed for fatigue life.   Con- 
stant inflow has produced good correlation of the one-half peak-to-peak 
vibratory stresses at high speeds, and its continued use for blade de- 
sign can be justified.   At high speeds the effects of variable inflow 
are not as significant.   The main contribution to the vibratory stresses 
at high speeds is made up of the lower harmonics.   Constant inflow 
does not provide the full contribution of the higher harmonics, but 
does lead to good definition of the lower harmonics.   The addition of 
the higher harmonic terms introduced by the use of variable inflow 
may lead to less accurate one-half peak-to-peak vibratory stress 
correlation through phasing errors in the summation of those harmon- 
ics. 

The main contribution of variable inflow is in its ability to pro- 
vide better definition of the magnitudes of the higher harmonic blade 
root shears which are the forces producing airframe vibration.   These 
forces are large at low speeds as well as high speed.   The differences 
in the shear forces given by constant and variable inflow are substan- 
tial as was discussed in the previous section. 

I. EFFECT OF INTERHARMONIC DAMPING 

The differences between air loads calculated for the H-34 at 
70 knots with neutral CO. and at 73 knots with aft CO. were larger 
than were expected.   Since azimuthal plots of the difference between 
calculated air loads for the two cases showed the difference to be 
primarily in the second harmonic, it was believed that exclusion at 
interharmonic damping might be the cause of the differences.   Ihe 
reason is that the main difference between the neutral C.G. case and 
the aft C. G. case is the presence of first harmonic blade flapping 
about the rotor shaft axis.   This flapping coupled with the cyclic pitch 
effects would cause an indicated difference in the steady and second 
harmonic air loads.   No real difference should exist.   It is the role 

| 
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of the damping terms to compensate for effects of flatwise blade mo- 
tions, either due to flapping or bending, on air loads.   Inclusion of 
only the harmonic damping terms gives satisfactory results for 
neutral C.G. cases where periodic flatwise blade motions are rela- 
tively small.   However, the aft C.G. case gives large first harmonic 
flapping motions relative to the shaft axis.   This creates substantial 
first harmonic damping forces and would create large second harmon- 
ic damping forces if the inter harmonic damping coefficients were in- 
cluded.   The important point here is that the aerodynamic damping 
forces serve two purposes.   First they are corrective forces wnich 
modify the undamped air loads calculated for a rigid non-flapping 
blade to give the true air loads acting on the flapping and bending 
blade at its actual location in space.   These corrective forces do have 
the characteristics of damping forces and, therefore, serve to damp 
the motions which a blade would have if excited only by the undamped 
rigid-blade air loads.   The two effects cannot be separated for they 
are in reality merely two different ways of looking at the same effect. 
Therefore, exclusion of interharmonic damping forces can be con- 
sidered to give either insufficiently corrected air loads or inaccurate 
damping.   This can best be seen by considering an example. 

At a radial station of r/R ■ . 89, the undamped air loads cal- 
culated for the neutral and aft C.G. cases show a difference (Figure 
16) which is made up primarily of a first and second harmonic.   It 
can be seen that the first harmonic difference is virtually eliminated 
and only a second harmonic difference remains.   The damping force 
due to first harmonic flapping has cancelled the effect on undamped 
air loads caused by differences primarily in blade pitch between the 
two cases.   Also shown in Figure 16 is the additional damping force 
which inclusion of interharmonic damping coefficients for the first 
three harmonics would produce.   This force would greatly diminish 
the second harmonic content of the different plots and make the air 
loads for the two C.G. cases match more closely, as they should. 
On this basis it does appear that the interharmonic damping effects 
are important when aft C.G. cases are to be considered.   Note that 
if the aeroelastic analysis had been written in terms of a tip path 
plane axis system and not a shaft axis system, the interharmonic 
damping effects due to first harmonic flapping would not enter in. 
The tip path plane would be by definition the plane in which no first 
harmonic flapping occurred.   However, since the tip path plane is 
defined by blade response, it becomes an unwieldy axis system in 
which to write the equations of motion. 
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bined flexibility case.   The fact that blade deflection has as little 
effect on air loads as is shown is of interest.   This indicates that 
the effects of higher harmonic flapping on Up and the effect of tor- 
sion on blade angle of attack are only of second order. 

For Case 1A, a significant change in air loads occurs in the 
180-degree azimuth, . 85 blade station region.   This is due to the 
passage of the tip wake of the previous blade directly beneath this 
region.   By assuming a greater wake velocity generated at the blade 
tip the tip wake is moved farther away from the rotor in a given per- 
iod of time and thus induces a lower velocity at the blade.    Relatively 
small changes are noted elsewhere in the rotor disc, due to the fact 
that the radial distribution assumption introduces small differences 
of induced velocity input in comparison to the momentum value ex- 
cept at the tip as is shown in Figure 17.   It is emphasized that this 
simplified assumption for the wake transport velocities represents 
only an initial effort to obtain some indication of the influence of the 
assumed wake geometry on the induced velocity distribution and as- 
sociated air loads and bending moments. 

In general, the little improvement in correlation resulting 
from these modifications indicates that more fundamental changes are 
needed, such as the inclusion of wake contraction effects in the var- 
iable inflow analysis. 

EVALUATION OF ANALYSIS 

The results of this program have shown that fairly good cor- 
relation can be obtained from the combination of variable inflow with 
the fully coupled aeroelastic analysis.   It is also quite obvious that 
further improvement in correlation should be possible.   The process 
of developing improvements for the aeroelastic analysis and the in- 
corporation of the variable inflow analysis have served to demonstrate 
the complexity of the problem.   A great number of variables is in- 
volved in a rotor analysis.   The success achieved with the analytical 
methods chosen was in many ways encouraging and in other ways dis- 
appointing.   In either case much valuable information concerning the 
importance of various parameters was obtained. 

The basic question that arises is what improvements should 
be made to improve correlation.   There are three distinct areas to 
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be considered:   the basic blade dynamic analysis, the trim conditions 
used, and the air-load analysis.   The air-load analysis is the most 
complex of these areas, for it depends not only on the inflow analy- 
sis, but also on the way in which the inflow is combined with trim 
conditions and blade dynamics. 

The basic Myklestad blade analysis used was shown in SUB- 
STANTIATION OF METHODS on page 3 to give valid results for a 
nonrotating beam.    It was found that the number of mass points cho- 
sen is adequate to define accurately the blade response.   There are 
certain improvements which can be made to this analysis.   When 
using an analysis based on harmonics, it must be appreciated that 
the harmonics are not independent, but that the use of fully coupled 
motions introduces some inteiharmonic coupling terms.   The analy- 
sis, as presently formulated, neglects these terms on the basis that 
deflections are small, and interharmonic effects due to such deflec- 
tions can be neglected.   It is true that the 73-knot aft C.G. case 
pointed out the importance of the interharmonic damping effect of 
first harmonic flapping when using the shaft-axis system.    In that 
case, the flapping motion, which is a rigid-body rotation of the blade 
and not a small deflection, proved to have an important effect.   Con- 
sideration should be given to extending the analysis to incorporate 
this and any other significant interharmonic effects.   Effects to be 
considered would include such items as the changes that blade dynam- 
ic rotation produces on flatwise and edgewise bending through corre- 
sponding rotation of the principal axes of stiffness of the blade. 

The basic trim procedure used is considered to give a good 
definition of trim conditions.   Agreement is obtained both for gross 
weight, and for the root-shear requirements by the double iteration 
technique used for thrust moment and root shears.   The pitch angles 
obtained through use of this procedure differed somewhat from the 
measured values as shown in Table V on page 46.   Collective pitch 
angle correlation showed the analytical values to be generally low. 
However, except for the HU-1A analysis (see page 39), the radial dis- 
tribution of steady air loads correlated well, showing that the analy- 
tical thrust values matched test data.   Cyclic pitch values correlate 
closely, in general.   The differences which do exist in cyclic pitch 
values and in phasing between test and analytical blade response are 
related.   The inflow distribution as well as rotor trim conditions 
affects pitch values and the resulting air loads.   The differences are 
believed to be more dependent on the inflow values than on the trim 
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conditions which were used. 

Another item which might be considered as a trim condition 
is the determination of lag-damper coefficients.   This is most impor- 
tant for good edgewise moment correlation.   While correlation of 
edgewise moments could be improved, correlation was found to be 
about the same for the H-34, with lag dampers, and the HU-1A, which 
has no lag dampers.   While this does not verify the validity of the 
present lag-damper coefficient analysis, it does indicate that the lag 
damper analysis is not one of the prime reasons for lack of correla- 
tion. 

The problem of improving correlation appears to center on 
the determination of air loads, which is the most complex part of the 
program.   Inaccuracies in air-load calculation can occur from two 
sources.   First, the inflow velocities can be inaccurate.   Secondly, 
the way in which rotor dynamics is incorporated in the air load cal- 
culations can introduce 3rrors.   The differences which definition of 
induced velocities can make is quite obvious from comparison of the 
results obtained using constant inflow with those using variable in- 
flow.   Therefore, the degree to which the variable inflow analysis of 
Reference 3 simulates the variable inflow distribution through a rotor 
is most important.   This will be discussed in subsequent paragraphs. 
Consider first the calculation of air loads using a given inflow distri- 
bution. 

Initially, undamped air loads are calculated for the rotor sy- 
stem using the variable inflow distribution as well as rotor plane in- 
clinations and blade pitch determined from the iteration procedure. 
Airloads are corrected for blade flapping and bending motion effects 
by the introduction of aerodynamic damping terms.   The importance 
of including interharmonic damping coefficients when using the shaft- 
axis system has already been discussed.   It was shown that inclusion 
of interharmonic damping for the H-34 73-knot aft C.G. case would 
make those air loads compare with the 70-knot neutral C.G. air loads. 
However, calculated air loads for 70 knots did not correlate with test 
data as well as would be desired.   Thus while it would appear that 
inclusion of interharmonic damping would improve air-load definition, 
this improvement would not be sufficient to achieve precise correla- 
tion. 

The effect of blade bending and torsion on blade angle of attack 
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was also introduced into the air-load calculation in the modified H-34 
112-knot case.   However, the small changes in results which this 
made would strongly indicate that this flexibility correction is not the 
key to better correlation. 

There remains the complex area of the variable inflow analy- 
sis.   Further improvement in the definition of the variable inflow dis- 
tribution over the rotor is necessary for substantial improvement in 
correlation.   The variable inflow analysis of Reference 3 is an ex- 
cellent step towards accurate air-load definition.   However, the model 
used still represents a substantial simplification of rotor wake beha- 
vior.   It is recognized that improvements in the analysis are present- 
ly being investigated.   Such improvements should further enhance the 
potential of this analysis. 

It is believed that full use has been made of the capabilities 
of the present variable inflow analysis in this program.   Further 
manipulations of input values cannot be expected to yield much im- 
provement in correlation.   One of the modified cases, Case 1A, used 
a radial wake velocity variation with little resulting improvement. 
The inability to obtain convergence with azimuthal wake velocity var- 
iation in earlier work was unfortunate, for it seems probable that 
azimuthal wake velocity variation would improve the wake descrip- 
tion and increase the higher harmonic content of the air loads.   This 
area bears further investigation. 

There are certainly numerous areas in the variable inflow 
analysis which should be studied to determine their importance.   The 
list of assumptions used in the analysis given in THE CORNELL VAR- 
IABLE INFLOW PROGRAM on page 27 is useful in this regard, for 
each of these assumptions should be evaluated.   Probably the area of 
greatest concern is the definition of wake geometry.   The assumption 
that wake vortex elements retain the strength and velocity imparted 
to them as they leave the blade is not realistic.   Wake vortex inter- 
action could be important.   Wind tunnel tests have shown the impor- 
tance of hub and fuselage interference effects both on wake geometry 
and on flow through the rotor.   The true wake geometry is more com- 
plex than that which can be derived with the assumptions used in the 
present analysis.   Further refinements do appear to be necessary to 
obtain a more realistic wake definition. 

The use of vortex elements based on lifting line theory rather 
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than finite vortex and lifting surface theory may also prove to be im- 
portant, especially in two areas.   First, the treatment of shed vor- 
tices in Reference 3 may not influence inflow correctly during the 
important first azimuthal increment due to the finite chord of the 
blade.   The use of vortex elements may not give adequate definition 
of the airflow behavior near the blade tip.   The tip area is most im- 
portant for defining the response of the entire blade.   The sharp dis- 
continuity at the tip resulting from the lifting line theory may lead 
to significant errors.   The data show that air-load correlation near 
the tip does need further improvement. 

To sum up, it would appear that as presently formulated the 
variable inflow analysis and the Sikorsky aeroelastic analysis can 
give fairly good definition of rotor blade dynamics.   The improve- 
ments in correlation which were obtained make this combined analy- 
sis a more useful design tool than has been available.   Both analyses 
have room for improvement.   However, significant improvements 
in correlation can be made by combining the present Sikorsky aero- 
elastic analysis with a refined variable inflow analysis.   The develop- 
ment of the present variable inflow analysis by Cornell Aeronautical 
Laboratory has been an important contribution to rotor system analy- 
sis.   Their continued interest and the interest of others in this field 
should lead to even better definition of inflow in the near future. 
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APPENDIX I 

DEVELOPMENT OF CLOSED-FORM ANALYTICAL SOLUTION 
FOR A UNIFORM BEAM  

The general problem of a uniform pinned-free nonrocating 
beam of mass /x  per unit length excited by a uniformally distributed 
p'/rev harmonic force, Fo Sin p'u/1, is expressed by the following 
nonhomogeneous partial differential equation. 

a2yrrrr + ytt = k'sinp w t (34) 

where a2 = E I//i   ,  k' = Fo/p    , P* s L  2, ... n  and w   is the ex- 
citing frequency.   Tlie letter "y" denotes the displacement of the cen- 
troid of any section at right angles to the unstrained central line. 
Subscripts r and t indicate the respective differentiation. 

j 
The equation rf flexural vibration was derived on the basis of 

the following assumptions: 

1. Plane sections remain plane. 

2. Stress is proportional to strain. 

3. Bending occurs in the principal plane. 

4. Slope of deflection curves are small. 

5. Deflection due to shear is negligible. 

6. Rotary inertia effect is negligible. 

The above equation is readily reduced to a homogeneous or- 
dinary differential equation of amplitude by the steady-state solution 
in the form. 

y(r, t) = X(r)8inr^t (35) 

where X(r) is the spatial variation of the amplitude. 

Sin p'u; t is the steady-state time variation of the deflection. 
Substituting (35) in (34), we obtain the deflection equation 
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. p2 

HP 
where k = F0/ fi a2    and p = p'« 

Considering only the homogeneous portion of Equation (36). The com- 
plementary solution of the amplitude becomes a function of trigonomet- 
ric and hyperbolic functions. 

X(r)cssAsin^^7^ r^ Bcos /J7^ r + Ccosh /p/a r + Dsinh /p/a r 

where A. B, C and D are constants, whose 
value depends upon the end constraints. 

The particular solution of Equation (36) can be written in the form: 

X(r)D = ISJ   k (38) 

Thus the general solution of the amplitudes is defined as the 
sum of its complementary and particular form. 

X(r) = X(r)c + X(r)p 

X(r) ■ Asin^p/ä r -♦- B cos^p/a r + C cosh^p/a' r + 

a2 
D sinh^pTa r "   3 k      ^^ 

The boundary conditions of a pinned-free nonrotating beam are: 

1. Deflection      y(o, t) = X(o) sin p« t (40) 

2. Moment -El yrr(o. t) = -El Xrr(o) sin p'« I 

3. Moment -El yrr(L. t) = -El Xrr(L) sin p« t 

4. Shear -El yrr(L. t) = -El Xrrr(L) sin p« t 

Introducing these relations into (39). the constants are evaluated 
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A = 

(.2^,,    ^inJ&L.Mj&^co.J&Lco.VpfiL} 

B=  ^(aVp2)^ 

C- ^(a2/p2)k 

(a2/p2) k 

D= 

{-cos/pß L sinh /p/a" L + sin /p/a' L cosh /p/a' Ll 

(41)^ 
(42) 

(43) 

cosh /p/S L coa/p/S L-sinh /p/al- sin/pJS L-ll 

cosh^^Ta L Bin^/p/3 L-sinh^p/a L cos^/p/rf LT 
J/ (44) 

The coefficients being known, we are able to calculate steady- 
state deflections, and likewise by successive differentiation the steady 
state slopes, momenta and shears produced by a uniformly distributed 
p' /rev. harmonic force. 

By virtue of equation (35) the steady-«tate deflection along the nonrota- 
tir.g beam is given by: 

y(r, t) = a k   . ^    üin/p/S r -»-    ♦o sinh vpTa r -♦• 
2p2    ^ v 1 

cos^p/a r - cosh^p/a r - 2|' sinp'cn t 
J (45) 

Differentiating Equation (45). the slope becomes: 

yx(r. t) = k /a |   '    tej cos^/p/a r-♦- ♦2C06hVP/^ r ' 

siaVp/a r -f sinh^Vp/a rl sin p'w t 
J (46) 

The spanwise moment distribution is defined as: 

M = E I y rr 
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M = Elak \- $. sinv/p/T r +   4>   sinhv/p/^ r - 
TFT"   L       1 Z a ^P 

co8\/p/a' r + coshy/p/a' r>    sin p'wt (47) 

Finally the shear distribution becomes: 

Q = E I yrrr 

Q= E tv/57^ k   {-♦1cosv^r+ ♦2C08l^f7^r + 
2 

Quantities   ^i and  $2 appearing in Equations (45), (46), (47), 
and (48) are defined by the following expressions. 

*, =    fl - siVf7^ 1- sinJyßTa1 L - co^y L cosl^/^L^      (49) 

I  * ^os^T L sinh/P/a' C + sin/p/a'L cosh yt/a' Lj %fi7a L sinh/p/a' C + siiyp/a' 

*2 =  f cosyP/^ L CQij/p7r L ' ^"V^a1 L siVP7i? L ' 1 1    (50) 
l Qos)\fiTz L siV^a L " sinViVa ^ c^v^ L        J 
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